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LOCAL HORIZONTAL

Minimum Range-Sensitivity Deorbit

BARRY A. GALMAN*
RCA/Government and Commercial Systems,

Camden, N. J.

Nomenclature
A = reference area for entry vehicle aerodynamic coefficients
CD = entry vehicle drag coefficient
e = orbit eccentricity
h = altitude
L = angular momentum per unit mass
r — central radius
V = velocity
AF = retro velocity impulse
W = entry vehicle weight
|8 = retrorocket alignment angle
7 = path angle (down from local horizontal)
i] = true anomaly
0 = range angle from deorbit to entry
/x = planetary gravitational constant

Subscripts
o = initial unperturbed orbit condition
1 = condition immediately subsequent to retrofire
E = condition at atmospheric entry

Introduction

SINCE a principal contributer to the impact point dis-
persion of a deorbiting ballistic atmospheric entry

vehicle is often retrorocket alignment error, the fact that a
minimum range, minimum range-sensitivity alignment
exists has long been of interest to designers of this type of
spacecraft. Approximate equations describing this maneuver
were published by Low1 some years ago, showing that for a
given retrovelocity AF, range dispersion is minimized
(neglecting postentry atmospheric effects) when the retro-
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Fig. 1 Notation at deorbit point.

velocity vector is so aligned that 50/d/3 = 0. This maneuver
may be contrasted to the minimum energy deorbit, of utility
for lifting entry vehicles to minimize propulsion weight,
where it is desired to achieve the steepest entry path angle
possible for a given AF. An exact expression for the latter
case has been developed previously,2 and here a similar
equation is presented for the minimum range-sensitivity
deorbit which is also exact within the assumptions made and
equally valid for elliptical orbits.

Analysis
In an inverse squared, drag-free force field, the basic conic
orbit equation may be written in general as

1/r = 1 + e cosr7/(L2/M) (1)
Then the central radius at the atmospheric entry condition
may be related to that immediately subsequent to retrofire by

1/r* - 1/n = (Me/L2)(cosr/£ - (2)

Defining the range angle 6 = rjE — rj1} Eq. (2) can be re-
written (following Cain3) by using the appropriate trigono-
metric formulas

1/r* - 1/n = - (»e/L*) [sinifo sin0

Now it is desirable to eliminate
Immediately from Eq. (1)

- cos0)] (3)

from the expression.

cosr?! = l/e[(LV/*ri) - 1] (4)

Furthermore, the path angle 71 may be expressed for a
conic, and considering Fig. 1

(5)________ _ Fo sin7o + AF sin/3
1 + e COST/I Fo cos7o — AF cos/3
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Fig. 2 Deorbit range angle vs AF, perigee deorbit.
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Fig. 3 Effect of deorbit location on /3 with AV or entry
path angle constant.

The angular momentum per unit mass may be expressed

L = Li = LE = r0Vi cosyi = r0(V0 cosy0 - AF cos/3) (6)
Utilizing Eqs. (1) and (6) in (5)

sinrji — — (L/fjie)(V0 siny0 + AF sin/3) (7)
Then substituting Eqs. (4) and (7) in (3)

l/rE - 1/fo = (F0 sin7<, + AF sin/3) sinO/L +
[(/z/L2) - (l/r0)](l - cos0) (8)

Note that Eq. (8) may be expressed functionally as

6 = 0[/3,AF,L(0,AF)] = 0(0, AF)
and the desired constraint to be imposed reflects the condition
whereby the range is insensitive to retrorocket alignment.
Then, differentiating Eq. (8) with AF held constant

50 n = _ 2/i 1 - cos0 dL
AF L2 sin0 d/3

FQ sinyo + AF sin/3 dL
————— L ————— ̂ cos/3 (9)

h0 = 1000 n mi soo 200 100
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Utilizing Eq. (6)
(5L/5/3) = r0AF sin/3 (10)

and substituting this into Eq. (9)

1 - cosfl fl Z^ f cos/3 _ Fo sin70 + AF sin/3
" ~

_ in/3 "I
sinfl " tan2 ~ 2^ U sin/3 L J

or, with further manipulation
fl = 2 arctan j(L/2M sin/3) [F0 cos(To +

(11)

- AF]} (12)

Fig. 4 Retrovelocity vs 0, circular orbits.

which is the desired minimum range-sensitivity constraint.
Parametric solution of Eq. (12) establishes a minimum
range angle for each combination of /3, AF selected. The
corresponding entry radius (and hence altitude) can be
obtained from Eq. (7), while entry velocity and path angle
can readily be calculated from standard conic equations which
need not be given here. Thus a particular set of entry
conditions (but not necessarily corresponding to a desired
entry altitude) is obtained for each /3, AF set. With the basic
approach employed here, other formulations could be ob-
tained with resulting equations of second degree in AF or
fourth degree in /3. Neither of these appears to be as tract-
able as the present solution of first degree in fl.

Results
Typical parametric results obtained with the aid of a

digital computer are presented for a 80 X 180 naut mile
Earth orbit and for circular orbits from 100 to 1000 naut mile
in altitude. One form the resulting data can take is illustrated
by Fig. 2, which represents perigee deorbit for the elliptical
case. Constant entry altitude and path angle lines have been
imposed. Note the sensitivity of /3 to the choice of entry
altitude. This suggests that for practical calculations
involving atmospheric entry, care must be taken in selecting
an "effective" entry altitude which reflects due consideration
of entry vehicle W/CDA such that range to impact is ef-
fectively minimized. When computer results are interpolated
for a desired entry altitude, more convenient data presenta-
tions for the specified orbit can be constructed, as illustrated
by Fig. 3 which gives the optimum /3 for given retrovelocity
around the orbit and for given entry path angle. It is
apparent that the optimum alignment is quite sensitive
to the initial true anomaly. Figure 4 shows similar data
for a family of circular earth orbits. Note that the optimum
/3 is also very sensitive to the orbital altitude.

Concluding Remarks
An exact expression has been derived for deorbit from

elliptical orbits with minimum range-sensitivity. While
this result is limited to the orbital plane case, extension to
out-of-plane deorbit maneuvers should be straightforward.
Some effort was applied to reduce the present result to the
approximate form obtained by Low1 for near-Earth circular
orbits; however, this was not successful due to differences in
variables employed. Direct comparison between minimum
energy and minimum range-sensitivity retrovelocity, say for a
given entry path angle, which might be a tradeoff of interest
for semiballistic entry vehicles having some limited at-
mospheric maneuvering capability, is possible if not straight-
forward using the present expression in conjunction with the
corresponding principal equation of Ref. 2.
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